
JOURNAL OF CHEMICAL PHYSICS VOLUME 111, NUMBER 14 8 OCTOBER 1999
Homogeneous nucleation rates of supercooled water measured in single
levitated microdroplets
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~Received 25 May 1999; accepted 20 July 1999!

Homogeneous nucleation rates are determined for micrometer sized water droplets levitated inside
an electrodynamic Paul-trap. The size of a single droplet is continuously measured by analyzing the
angle-resolved light scattering pattern of the droplets with classical Mie theory. The freezing process
is detected by a pronounced increase in the depolarization of the scattered light. By statistical
analysis of the freezing process of some thousand individual droplets, we obtained the homogeneous
nucleation rate of water between 236 and 237 K. The values are in agreement with former expansion
cloud chamber measurements but could be determined with considerably higher precision. The
measurements are discussed in the light of classical nucleation theory in order to obtain the size and
the formation energy of the critical nucleus. ©1999 American Institute of Physics.
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INTRODUCTION

Droplets of supercooled water are known to exist in
stratosphere and the upper troposphere.1,2 Here homoge-
neous ice nucleation is the controlling mechanism for
formation of cirrus clouds and thereby affects directly t
radiation balance of the earth.

The phase equilibria of the water–ice system are v
well known and documented by reliable data. The theoret
description based on thermodynamics is fully develop
The situation is different for the rate of homogeneous ph
transitions however. It is generally accepted that the ph
transition follows a nucleation-growth mechanism as
scribed by the classical nucleation theory.3–11 According to
this theory the phase transition is initiated by the format
of nuclei of the solid phase in the liquid phase. These nu
need a critical size in order to grow further and complete
phase transition. The nucleation rate describes the prob
ity that such a single nucleus of critical size is formed p
unit time and unit volume. Despite its importance for t
kinetics of phase transitions, only a few experimental d
are available. For substances which feature directed inter
lecular bonds it is still not possible to calculate nucleat
ratesab initio. In the case of supercooled water the struct
is still discussed in the frame of different models.11–18

Nucleation rates in supercooled water have been m
sured by several groups based on experiments in c
chambers,19–22on supercooled water droplets in hydrophob
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media23 and by field measurements.24–26 Using reasonable
experimental input data the nucleation rates have been
culated using the classical nucleation theory.27,28The experi-
mental values and the calculated values are consistent
only within large error limits.

This situation was the reason to establish an impro
experiment29 to measure homogeneous nucleation rates
single droplets of supercooled water at temperatures aro
237 °C. In our experiment we observe single droplets wh
are stored in an electrodynamic trap and are stationar
space for a long time. This technique can be traced bac
Paul30 and Wuerker31 and has since then been widely us
for aerosol studies. For a historical survey and more det
see a recent review32 and the references therein. The meth
offers three distinct advantages: The volume of each of
droplets can be determined with high precision. Additiona
there are no influences of the walls of a vessel and, theref
any influence of heterogeneous nucleation can be exclu
Finally the time the droplet stays supercooled before
nucleation takes place can be measured with high accur

The present work extends earlier and preliminary wo
on homogeneous nucleation of supercooled water.27 System-
atic studies are presented in order to derive reliable result
homogeneous nucleation rates, the influence of electr
charges to the nucleation process, size effects in homo
neous nucleation, estimates of the critical nucleus, as we
the analysis of the polarization properties of the elastica
scattered light of frozen ice particles, that can be compa
to remote sensing experiments on atmospheric aerosols

EXPERIMENT

Our measurements of the homogeneous nucleation
of water were carried out using single weakly charged m
crodroplets of water which were levitated under a control

il:
1 © 1999 American Institute of Physics
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atmosphere in an electrodynamic trap. The liquid solid ph
transition was detected by analyzing the scattered light fr
a He–Ne laser. This approach avoids any wall contact of
droplets and allows a precise size determination of the d
lets, crucial prerequisites for the measurement of accu
nucleation rates. As homogeneous nucleation is a statis
process, it is necessary to observe a large number of si
freezing events. Therefore we developed a trap setup w
allows the controlled injection of single microdroplets in
the trap while the trap chamber and its atmosphere resid
the low temperature of interest.29 This approach is differen
from previous experiments where the freezing of sup
cooled trapped droplets was observed,33,34 and therefore, we
describe the experimental setup in some detail.

An overview of the apparatus is given in Fig. 1. It co
sists of the trap assembly@Figs. 1~a! and 1~b!#, which is
housed inside a climate chamber@Fig. 1~c!# which is sur-
rounded by a controlled atmosphere with a pressure of a
1 bar and kept at the temperature of interest. This chamb
mounted inside a larger vacuum vessel@Fig. 1~d!# for ther-
mal insulation. A total of eight ports allows for the insertio
of the droplet injector@Fig. 1~e!#, the laser beam, and variou
diagnostic tools.

The droplets are levitated in a standard hyperboloi
electrodynamic levitator, which consists of a central ri
electrode with bottom and top endcap electrodes. The ce
electrode carries the ac~alternating current! voltage for trap-
ping, while the endcap electrodes are used to form an a
tional dc ~direct current! field to balance the gravitationa
force on the droplets. All three electrodes have hyperbolo
shapes as required for a pure quadrupolar electric pote
distribution inside the trap. The inner radius of the ring ele
trode is 5 mm and all the other dimensions are given by
requirement of a quadrupolar electric field. The torus el
trode and the endcaps have 2 mm diam. holes for the in
tion of the droplets, for the laser beam, and the detection
the scattered light. The trap is tightly enclosed inside a c
per chamber which carries the same ports and ensures
mogeneous temperature profile across the trap. It also m
mizes atmospheric turbulences which might arise from
nonuniform cooling of the surrounding climate chamber. T
climate chamber is sealed with metal gaskets and ca
various view ports and electrical and gas feedthroughs
temperature is variable between 150 K and room tempera
and is adjusted by means of liquid nitrogen cooling and
sistive heating.

FIG. 1. Schematic view of the experimental setup.~a! Paul trap,~b! copper
enclosure for thermal stability,~c! cooled climate chamber,~d! insulation
vacuum chamber, and~e! heated droplet injector.
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The temperature of the gas atmosphere in the trap
monitored by a platinum resistor located at one endcap e
trode. Two additional thermocouples are placed at the
and the bottom of the copper enclosure. All temperature s
sors are calibrated with ice–water and dry ice–acetone m
tures. The platinum resistor has a absolute precision of60.2
K and can resolve temperature differences down to 50 mK
is used to control and stabilize the temperature inside
trap. Due to the regulation mechanism during the exp
ment, only very slow temperature variations~60.3 K, within
one hour! around the preset value are observed. Tempera
differences at two points inside the trap chamber are
than60.5 K, which is the resolution of the thermocouple

The climate chamber is mounted inside the insulat
chamber which is pumped by a turbomolecular pump a
carries a quadrupole residual gas analyzer. It is used to m
tor the composition of the atmosphere of the trap chamb
which is leaking from a 20mm diam. pinhole into the insu-
lation vacuum chamber.

Liquid water droplets in the diameter range from 10
70 mm are generated by piezo driven nozzles. Such gen
tors can be triggered to produce single droplets of reprod
ible size, charge and velocity. They have been descri
previously35 and are commercially available.36 In order to
span a large range of droplet sizes, we use home built
vices however. The injector is mounted in close proximity
the toroidal ac electrode but outside the copper enclosur
the trap. As the droplet generators have to be operated a
the freezing point of the liquid of interest, special care had
be taken to heat the nozzle and the liquid tubing, and
insulate it thermally from the cold atmosphere inside the t
chamber. The droplets are charged by induction from the
voltage of the trap. During the experiment the nozzle
placed close to the ring electrode of the trap. The amoun
charge on the droplet depends on the amplitude of the
voltage on the ring electrode at the instant of injection. Wh
the droplet breaks from the liquid filament, a majority of io
of one polarity resides on the droplet due to the attract
from the trap electrode potential. By varying the time
injection relative to the phase of the ac voltage, positively
negatively charged droplets which carry between zero
107 elementary charges can be produced. If the correct
ment of injection and the right ac amplitude and frequen
are chosen, every single droplet can be stored inside the
Those droplets then carry between 106 and 107 elementary
charges of either polarity.

The gravitational force on the droplet is balanced by a
potential applied between the bottom and top electrode.
central position of the droplet inside the trap is maintain
by a feedback loop. For this purpose, the droplet is ima
by an objective lens~310 magnification! onto a linear CCD
~charge coupled device! array detector. Its position is dete
mined and stabilized by means of a home built electro
circuit that controls the dc voltage between bottom and
electrode. The required voltage reflects faithfully a
changes in the mass to charge ratio of the droplets that m
occur by evaporation or gas uptake. It is continuously re
by a computer which is used to calculate and set the id
values for the amplitude and frequency of the ac trapp
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6523J. Chem. Phys., Vol. 111, No. 14, 8 October 1999 Nucleation rates of supercooled water
voltage. Thus, a constant trapping force is ensured eve
the droplet mass changes by a factor of 105 due to evapora-
tion. A scheme of this feedback loop is indicated in Fig.

In order to determine the size and phase of the dropl
we analyze the angular distribution of the light scattered
the droplet from a He–Ne laser beam.37 As shown in Fig. 2,
the scattered light is imaged onto a CCD camera (5
3784 pixel) which is positioned under an angle of 90° w
respect to the laser beam. It has a total acceptance ang
22.6° with an angular resolution of 0.03°. A first objectiv
first lens~L1 in Fig. 2! collects the scattered light and form
it to an parallel beam. After passing the two windows of t
climate and insulation chamber, the light passes a space
consisting of two lenses~L2 and L3! and an aperture place
in between. In order to measure both polarization plane
the scattered light, two polarization filters are placed in fro
of the camera so that the perpendicular polarized compo
of the scattered light falls on the upper half and para
polarized light on the lower half of the CCD sensor. Figure
shows a typical scattering image from a droplet which w
illuminated with an laser beam which was polarized un
45° with respect to the scattering plane. Both polarizat
components show a distinct number of bright and d
stripes. The number of stripes is roughly proportional to
radius of the droplet.38 To evaluate the radius and the inde
of refraction with higher precision, the angular distributio
of intensity is compared to Mie-theory.39 In this way, the
index of refraction and the radius can be evaluated for dr
lets with a radius between 10 and 50mm with an accuracy of
650 nm. A comparison between measured and calcula
intensity distributions is shown in Fig. 4. The determinati
of both parameters can be repeated every 40 ms, at the
pictures are taken with the CCD camera. Thus the evap
tion velocity of a droplet can be evaluated.

In order to minimize possible effects of heterogeneo
nucleation,40 triply distilled water has been filtered through
0.2mm pore-size teflon membrane filter~Roth! and placed in
the reservoir of the injection system. For cleaning the inj
tor, 25 ml of the purified water is flushed through the syste
The climate chamber is cooled down to the desired temp
ture ~around 236 K for this experiment!. A nitrogen atmo-
sphere of 1 bar pressure is used. The heating system o
injector is switched on and the injector is placed inside
climate chamber. After 30 minutes the temperature inside
trap is equilibrated. Single droplets are then injected into
trap. They are produced at room temperature but therma

FIG. 2. Schematic view of the light scattering geometry and the opt
setup. The ring electrode of the trap is omitted for clarity.
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rapidly within the cold atmosphere of the trap. The tim
constant for thermalization depends strongly on the dro
size and can be calculated to be about 60 ms for droplet
30 mm diam. For each droplet we measure the time u
freezing occurs. For this purpose the droplet is illumina
with light polarized parallel to the scattering plane. Figu
5~a! shows the scattering pattern obtained from a liquid dr
let. Since a spherical droplet does not change the plan
polarization, no perpendicular polarized light is detect
The scattering pattern shown in Fig. 5~b! corresponds to a
frozen droplet. The stripes become irregular and intensit
found in the perpendicular polarization channel. The appe
ance of perpendicularly polarized light is used to evaluate
time after which freezing starts. As shown in Fig. 6, t
parallel polarized light intensity grows at the time a drop
is injected (ta). When the particle freezes intensity in th
perpendicular light channel is observed (tb). Between (ta)
and (tb) the droplet stays supercooled. This time represe
the nucleation timet1 . Finally, at time (tc) the droplet is

l

FIG. 3. Scattering pattern of a water droplet (r 5x.y mm) polarized perpen-
dicular ~top panel! and parallel~bottom panel! with respect to the scattering
plane. The illuminating laser was polarized under 45°.

FIG. 4. Experimental and calculated angular distribution of the scatte
light as used for the determination of size and refractive index of a sphe
water droplet.
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ejected. This experiment is repeated at constant tempera
for many droplets.

The process of homogeneous nucleation can be
scribed by Poisson statistics,41 since the probability for the
formation of a nucleus at a certain time in a certain volu
element of the droplet is assumed to be independent of
position of the volume element inside the droplet and
time of freezing. Integrating this statistical law in the limi
of many observed events, we arrive at Eq.~1!

ln~Nu~ t !/N0!52J~T!•Vd•t. ~1!

Nu(t) is the number of unfrozen droplets after timet, N0 is
the total number of investigated droplets,Vd is the volume of
the droplet andJ(T) is the temperature dependent nucleat
rate.

Figure 7 shows a typical plot of lnNu /N0 against the
nucleation time of the supercooled droplet. 200 droplets w
a diameter of about 60mm were investigated at 236.5 K. Th

FIG. 5. Scattering pattern of~a! a liquid and~b! a frozen droplet illuminated
by laser light polarized parallel to the scattering plane. The upper and lo
panels correspond to perpendicular and parallel polarization of the scat
light, respectively.

FIG. 6. Intensity of the light scattered from a parallel polarized laser be
into an angular range between 80° and 100° as a function of time
polarization. The following important times are marked:ta moment of drop-
let injection tb time of freezingtc time of droplet ejection.
ure
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fit to the straight line confirms the good agreement of
homogeneous nucleation process with the statistical law
cussed above. From the slope of this curve one can dire
calculate the rate of homogeneous nucleation once the
ume of the droplet is known. Only for a few droplets the si
was determined directly by the evaluation of the light sc
tering as discussed above in order to confirm that the ra
of the droplets as produced from the nozzle varies by o
0.5%. However, by careful analysis of the volume of eve
single droplet from the recorded light scattering data,
uncertainty of the measured nucleation rates shown be
could further be reduced. The straight line in Fig. 7 interse
the Nu /N051 line not at time zero, but att50.16 s. This is
due to the finite time that is required to cool the drople
from the temperature of the injector~;283 K! down to the
temperature of the trap~;236 K for water nucleation mea
surements!. This time is, therefore, obtained separately fro
our measurements and does not influence the evaluatio
the nucleation rate.

Long time observation of the droplets inside the trap
complicated by a steady evaporation of the droplets eve
low temperature. The evaporation rate of a water drop
during the measurements depends on the content of wat
the surrounding gas. In our experiment this is given by
vapor pressure of water above the ice on the walls of
climate chamber~about 100 ppm at 236 K!. From the light
scattering measurements the change of the radius was d
mined to be nearly constant throughout the experiment
amounts to 0.7 mm/s. The trapped liquid droplet stays—e
during evaporation—in good thermal equilibrium with th
surrounding gas atmosphere. This can be rationalized by
application of the laws of heat diffusion to a water droplet
60 mm diam in a nitrogen atmosphere of 1 bar. Here eva
ration at the observed rate cools the droplet to only 0.1
below the temperature of the surrounding atmosphere.

Since the droplet is evaporating during the observat
time, we have investigated only temperatures which lead
nucleation times less than 5 s. Thus, the measurable nu
ation rate for droplets of 60 mm diam is thus limited to
above 107 cm23 s21. The upper limit for the nucleation rat
of 5•108 cm23 s21 is given by the time necessary to cool th

er
red

m
d

FIG. 7. Ratio of unfrozen droplets as a function of time after injection in
the cold trap at 236 K. The slope of the linear fitting curve~straight line! is
used to calculate the nucleation rate.
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droplet down to the ambient temperature in the clim
chamber. For measuring a wider range of nucleation ra
droplets of a different size will be investigated in the futu

RESULTS

We have observed the freezing of more than 2000 sin
water droplets in order to derive the homogeneous nuclea
rate in a temperature interval between 236 and 237 K.
droplets all had a diameter of 60(62) mm and carried a
charge of 36(62) pC. Figure 8 displays the obtained nucl
ation rates together with theoretical results reported
Pruppacher27 and with results of DeMott and Rogers22 from
recent experiments in a cloud chamber. Each of the d
points corresponds to a observation of several hundred d
lets at constant temperature. The temperature depen
nucleation rates were then determined by fitting a stra
line to the ln(Nu /N0) versust1 plots as shown in Fig. 7. As
can be seen from Fig. 8 the nucleation rate is strongly te
perature dependent. Cooling by only one Kelvin leads to
increase of the nucleation rate by a factor of 70, as expe
from the improved nucleation theory.27 Our measurement
follow in general the same temperature dependence as g
by Pruppacher but are systematically lower by about a fa
of two over most of the accessible range of nucleation ra
This is considerably less then in previous experiments.22,27 It
has to be noted, that the theoretical curve was not obta
from first principles but the diffusion activation energy
liquid water was fitted to the then available experimen
data which had a much larger uncertainty, as discusse
detail below. Our results are consistent with the previo
experiments within their large limits of error.

Since all droplets in our experiment have to be charg
we also investigated droplets of various charge states
tween20.36 and10.37 pC with a minimum of the absolut
value of the charge at 0.16 pC. The results are given in
9. Taking the error limit into account, no influence of th
charge on the nucleation rate could be found. Furtherm
the experiments verified that the measured nucleation r
do not depend on the size of the droplets in a diameter ra
between 30 and 60mm.

FIG. 8. Comparison of the nucleation rates measured in this experim
~filled diamonds! with values reported in Ref. 22~open circles! and the
curve calculated by Pruppacher~Ref. 27! using the improved classica
nucleation theory.
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As mentioned above, the frozen droplets depolarize
incident parallel polarized light. A measure for this is th
depolarization ratio which is commonly defined as

d5I' /I i , ~2!

whereI' and I i are the intensities of the perpendicular a
parallel component of the scattered light, respectively. T
depolarization ratio is often used to identify the physic
phase of cloud droplets within situ measurement technique
like LIDAR ~light detecting and ranging!.42 Nevertheless for
polycrystalline particles its absolute value cannot be ea
accessed theoretically. In order to facilitate an empirical c
relation between droplet properties and the depolariza
ratio we have recorded the depolarization ratio of the froz
water droplets in our experiment by comparing the total sc
tered light intensity in both polarization channels. The inte
sities are averaged over the observation time and corre
for background light and errors occurring due to the use
polarization filters. Figure 10 shows an analysis of the de
larization ratio of 500 frozen water droplets. Most of th
frozen particles have a depolarization ratio ranging betw
0.1 and 0.5 with an average value of 0.39 and a full width
half maximum of60.2. The maximum of the distribution i
found for a depolarization ratio of 0.3. A depolarization ra
of 0.3 has also been found previously in high altitude cirr
clouds.43 The width of the distribution reflects the variety o
different scattering images from frozen water droplets. T
product of the freezing process seems to be a polycrysta
frozen water droplet which exhibits a depolarization ra
depending on the distribution of the micro crystals inside
particle.

It is instructive to examine the observed scattering p
terns of the frozen droplets in more detail. Figure 11 sho
different scattering pictures of frozen water droplets. T
incoming laser beam in this case was polarized under
with respect to the scattering plane. Many droplets show
the first moment after freezing a short peak in the intensity
the scattered light~cf. Fig. 6! accompanied by a scatterin
picture without structure as shown in Fig. 11~d!. In some
instances, the droplet even disintegrates during the cryst
zation process leaving behind one or two daughter partic

nt
FIG. 9. Temperature dependence of the nucleation rate of water dro
carrying different charges.
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In the other cases, the scattering pattern becomes more s
tured after a few seconds. As shown in Fig. 11~a!, sometimes
a hexagonal structure is visible that might correspond to
hexagonal shape of ice crystals. This pattern is reproduc
and was not observed with sulfuric acid solutions but o
for pure water droplets. In most cases the scattered l
shows a structure which is irregularly modulated on vario
scales@Figs. 11~b! and 11~c!#. Usually the scattering patter
becomes more regular after longer times. Therefore, we c
clude that the droplet becomes a polycrystalline solid wh
remains more or less in a spherical shape after the p
change. Strong deviations from the spherical shape are p
ably smoothed out after some time due to evaporation
condensation processes which tend to minimize the sur
area.

DISCUSSION

The homogeneous nucleation rates of supercooled w
in a temperature interval from 236.1 to 237.3 K were m
sured with high precision. Our results confirm the classi
picture of homogeneous nucleation.

The observed temperature dependence of the nuclea
rate follows, but lies systematically somewhat below t

FIG. 10. Relative distribution of the depolarization ratios in frozen wa
droplets.

FIG. 11. ~a!–~d! Different scattering patterns of frozen water droplets~see
text!. The upper and lower panels in each figure correspond to perpendi
and parallel polarization of the scattered light, respectively.
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curve given by Pruppacher.27 We assume that this deviatio
is not related to the charge of the droplets, as we obser
nucleation rate that is within the limits of error independe
of the size and charge of the droplets. This indicates that
freezing process starts by homogeneous nucleation in
volume phase of the droplet and not in the surface la
where the charges are located.

With respect to~Ref. 27!, it should be noted that forme
applications of the classical theory of homogeneous nu
ation of ice in water resulted in nucleation rates which we
five orders of magnitude lower than the experimental valu
According to Pruppacher,27 this discrepancy has been caus
by the derivation and extrapolation of the activation ene
DFact from experiments on selfdiffusion and viscosity of w
ter at much higher temperatures. Therefore, and becaus
sults from alternative experimental approaches are not av
able, Pruppacher adjusted the temperature depen
activation energy in a way that the resulting nucleation ra
fit the averaged results of the then known experiments wh
had a comparatively large error range. It is, therefore,
surprising that our measurements deviate systematic
from this curve, but lie well within the error limits of the
previous data on which the theory was based.

From the measured nucleation rate, the formation ene
of the nucleus can be calculated according to a fundame
equation of the classical nucleation theory

J~T!5NikT/h exp~~2DFg~T!1DFact~T!!/kT!. ~3!

In this equationNi is the number of molecules in the liqui
per cm3, h is the Planck constant,k is the Boltzmann con-
stant, andT the absolute temperature.DFg is the formation
energy of the critical nucleus andDFact is the activation
energy related to the barrier for water molecules binding t
water cluster. Using the activation energies given
Pruppacher27 and our measured nucleation rates, we can c
culateDFg, the energy of formation of the critical nucleu
~Fig. 12!. It decreases linearly with decreasing temperat
by 8.5 kJ mol21 K21. In the same temperature range the a
tivation energyDFact as given by Pruppacher drops fro
32.6 to 31.8 kJ/mol.27 Thus the observed strong temperatu
dependence of the nucleation rate is mainly due to the t
perature dependence ofDFg, which as an extensive quantit
depends strongly on the size of the critical nucleus. Acco
ing to

DFg5s i /w
4
3pr i

2, ~4!

the radiusr i of the critical nucleus may be calculated, if th
interfacial energys i /w is known. For the calculations we
used thes i /w values tabulated by Pruppacher1 and arrive at a
temperature dependent size of the critical nucleus which
dius ranges from 1.4 nm atT5236.1 K and 1.5 nm atT
5237.3 K. Under the same conditions Pruppacher1 obtained
slightly larger values of 1.1 to 1.2 nm which result from th
difference in the nucleation rates as discussed above.

The observed scattering patterns and the measured d
larization rates of the frozen droplets suggest that polycr
talline ice particles are formed after freezing. Under our e
perimental conditions they tend to assume a spherical ove
shape.
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Understanding the phase behavior and phase transi
of supercooled water on a molecular level is still an intere
ing and open question as documented by recent publicat
on the thermodynamics of supercooled water44–46 and by
many theoretical works, mainly MD~molecular dynamics!
calculations.47,48 Many efforts have been devoted to unde
stand the dynamics of the hydrogen bond network in liq
water, which is randomly percolated through space.49 Indi-
vidual water molecules are embedded in the network
cannot move independently but should move collective
The formation of critical nuclei is, therefore, strongly co
nected with the growth and collapse of structural pattern
that hydrogen bond network. In order to correlate the nuc
ation rates with the structure of liquid water it is necessary
know how many water molecules are involved in the colle
tive motions and how these motions are correlated in sp
and time. This question cannot be directly addressed by
experiment, but our results provide precise and relia
nucleation rates to test the validity of the various theoret
models.

CONCLUSION

We have measured rates for the homogeneous free
of single water droplets inside an electrodynamic parti
trap as a function of the particle temperature and charge.
combination of accurate droplet size determination with
statistical analysis of the freezing process of several thous
droplets allowed to obtain much more precise rates than
viously available. Such accurate measurements yield
only important input parameters for atmospheric modeli
but may in future help to improve the still semiempiric
microscopic theories of the liquid–solid phase transition.
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